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Abstract—The temperature field resulting from the frictional heating of a fluid confined in the region between
a cone and a plate, which are in relative steady rotation, is calculated for prescribed thermal boundary
conditions. The convective heat-transfer problem pertaining to the three dimensional velocity field,
characteristic of this geometry, is solved as an asymptotic expansion for small Reynolds number and small
cone angle. Together with adaptations of previously published results for plane Couette flow of fluids with
temperature-dependent transport properties, these solutions provide quantitative measures of the effects of
conduction, convection, frictional heating, as well as the temperature sensitivity of the fluid transport

properties.

NOMENCLATURE
Brinkman number ; o R?Q%/k, Ty ;
heat capacity of fluid [J kg™ K~ '];
differential operator defined by
equation (6);
local heat-transfer coefficient (42)
[fm s 'K 1;
thermal conductivity of fluid
Um™!'s™ 'K '];
thermal conductivity of fluid at
temperature T, [Im~!'s 'K 1];
actual torque value for temperature-
dependent transport properties in absence
of secondary motions [Nm];
actual torque value for isothermal flow
including secondary motions (70) [Nm];
torque value assuming temperature-
independent transport properties and
absence of secondary flow [Nm];
local Nusselt number (42);
Prandtl number: uC,/k;
radial coordinate nondimensionalized
with respect to R;
cone radius [m];
Reynolds number: R*Qp/i,;
Reynolds number: Reye?;
dimensionless temperature: (T—T,)/ Ty ;
reference temperature [K];

u,, uy, Uy, dimensionless velocity components

w,

in the r, @ and ¢ directions, respectively
(non-dimensionalized with respect to RQ):
dimensionless tangential velocity:

rcos fu, (2);

coefficient of term of O(Re?) in
asymptotic expansion for w (17).

Greek symbols

0y, 0gy - e

Bl’ ﬂz, .

= =

, dimensionless temperature
coefficients of thermal conductivity (48);
., dimensionless temperature
coefficients of viscosity (49): also

Bj = BjjjL;

dimensionless coefficient in exponential
viscosity—temperature relation (49);
spherical coordinate (Fig. 1):
(n/2)—0[rad];

cone angle [rad];

sin fo;

sin f/e;

value of { at the maximum temperature;
spherical coordinate (Fig. 1) [rad];
dimensionless rotational velocity of
plate: Q,/Q;

dimensionless rotational velocity of
cone: Q,/Q;

viscosity of fluid [kgm™'s™'];
viscosity of fluid at reference
temperature [kgm ™~ 's™'];

density of fluid [kgm~3];
dimensionless stream function: y/Reye;
coefficient of term of O(Re?') in
asymptotic expansion for y (18);
dimensionless stream function (2);
spherical coordinate (Fig. 1);
dissipation function (14);

angular velocity of plate [rads™!];
angular velocity of cone [rads™'];
reference angular speed:

Q4| + 19| [rads™'].

INTRODUCTION

THis paper is concerned with convective heat transfer

* Director, Chemical Processes Program; on leave from the
Department of Chemical Engineering, Syracuse University.
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Mechanical Engineering, Howard University.

in a fluid confined between a cone ahd plate which are
in relative steady motion (Fig. 1). The fluid flow and
heat transfer in specialized fluid processing systems

have been of interest to the present authors in a
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Fic, 1. Cone and plate and coordinate system.

number of previous analytical studies [1, 2, 6, 15, 16].
The present configuration is important in a number of
applications, but is most widely used {or measurement
of rheological properties [ 1, 2]. Fluid motion in this
geometry is inherently three dimensional, being com-
prised of a primary tangential motion with a super-
imposed secondary flow. The purely tangential main
flow is associated with a limiting condition of uniform
stress and strain rate in the fluid region, and this can
roughly be surmized from the fact that at any point on
the rotating cone surface the velocity is proportional to
the distance r from the apex, and, of course, so is the
gap width at the same point. Accordingly their ratio.
representing a first approximation to the strain rate. is
independent of r. This feature, it seems certain, em-
bodies the singular advantage of this geometry over all
others used for rheological characterization of shear-
sensitive materials. Cone angles, i, in general use are
small. rarely exceeding 4°, and it turns out this
property can be exploited to establish analytical
approximations of broad practical utility. The objec-
tive of the present work is to examine in some detail the
heat-transfer problem associated with the frictional
heating of the test fluid in this three-dimensional flow
field for various prescribed thermal boundary con-
ditions. To do this, the perturbation solutions of the
Navier--Stokes equations developed previously by
Turian | 1] for this geometry for Newtonian fluids with
temperature-independent transport properties arc
used. It was shown in this earlier work that an
appropriately defined Reynolds number, Re?, and a
suitable cone angle function, &* = sin® f,, provide the
proper gage functions for ordering the various ap-
proximations in the asymptotic expansions for the
velocity and pressure fields. These same gage func-
tions are used in the asymptotic analysis presented
here to treat the energy equation including a vis-
cous dissipation heat source. The small-Re, small-e
limiting process used here furns out to be equiv-
alent to an expansion about essentially the plane

Couette flow approximation as the primary reference
state. This then permits the adaptation of previously
published results of Turian and Bird [2] for the vari-
able viscosity, variable thermal conductivity analysis
of the frictional heating in plane Couette flow to the
present situation. As a result, contributions to the
heat transfer relating to conduction, convection, and
viscous dissipation, as well as those deriving from the
temperature sensitivity of the relevant transport
properties are depicted in the overall analysis
presented here.

There is anextensive literature on frictionally heated
flows. A striking phenomenon associated with variable
viscosity flows of liquids is the possible occurrence of
multiple steady states, and the nonexistence of steady
state solutions for so-called stress parameter levels
exceeding the critical value. The existence and unique-
ness of frictionally heated variable viscosity New-
tonian Couette and Poiseuille flows was examined by
Joseph [3,4] for the general fluidity-temperature
dependence as well as for the particular cases of the
linear, the quadratic and the exponential temperature
dependences. Experimental confirmation of the
phenomenon for the simple Couette and Poiseuille
flows has been reported by Sukanek and Laurance | 5]
in a paper which contains a comprehensive biblio-
graphy on the subject. In frictionally heated variable
viscosity liquid flows the critical stress, or the equiva-
lent property. defines the limit at which the frictionally
generated heat has reached the full capacity of the
system to remove it to the surroundings by all
available means (conduction, convection, etc.). Joseph
[3. 4] has shown that the critical stress value depends
strongly on the temperature sensitivity of the viscosity
of the fluid; the more rapidly the viscosity decrease
with increasing temperature the lower the value of the
critical stress. For pseudoplastic non-Newtonian
fluids the viscosity decreases with increasing stress as

well as with temperature, and consequently tempera-
ture and non-Newtonian effects are reinforcing,
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whereas for dilatant non-Newtonian fluids these
effects are counteracting as shown by Turian [6]. An
extensive listing of non-Newtonian frictionally heated
flows has been given in the review by Trowbridge
and Karran [7].

A common characteristic of virtually the entire body
of published work on variable viscosity flows de-
scribed in the foregoing is the fact that it pertains
strictly to one-dimensional velocity fields. This reduces
the governing energy equation to substantially the
one-dimensional steady state conduction form and
furthermore it results in an effective uncoupling of the
momentum and energy equations. The critical pheno-
mena discussed here arise in other physical situations
including heat generation in conducting solids [8], in
buoyant viscous flows [9], and inexothermic reactions
[10]. The Jast problem traces its origin to the brilliant
ideas of Frank-Kamenetskii and his theories on ther-
mal explosions [ 117, which have since spawned a truly
massive explosion of papers on multiple steady states
and associated stability phenomena in chemically
reacting systems. Stability problems relating to fric-
tionally heated simple flows have been considered by
Joseph [3, 4], by Sukanek et al. [12], and most recently
by Ho et al. [13]. However, the present asymptotic
solutions are, as will be shown later, strictly small
Brinkman number approximations pertaining to a
range of conditions in which these complications are
not relevant.

FORMULATION OF THE PROBLEM

For the velocity field referred to in Fig. 1 we take u,,
uy, and u, to be the velocity components non-
dimensionalized with respect to R, in which R is the
cone radius and Q= [Qy]+ Q| is the reference
angular speed. The angular velocities of the plate and
cone are designated by Q, and Q,, respectively. Using
B = (n/2) — 6 we define the stream function ¢ through

1 oy 1 oy

= Uy = e 1
u, r2cos f OB " rcosfp or W
and we set
S @
"~ rcosp’

Symmetry requires that there be no dependence on ¢,
and consequently the stream function defined in
equation (1) satisfies the equation of continuity exactly.
Further, using the transformation
sinf  sinf
==t 3)

sin fB, &

it can be shown that the Navier-Stokes equations,
upon elimination of the pressure, reduce to the form

given by
B —E_G(W,Ezl]/) 28 £ e oy 1y
Reo[”z a(r, %) ¢’( (2 or +;6_§—)
+g§ < SZC ow 1w By (4
- 1_—_5757_67+rac)] V@
o, LoWwy
eosrz 0.0 = F*w (5)

HMT 21:8—F
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with
1 52 52 ?2 62
gt (67“2652) ©
and
Req = R*Qp/u, (7

where p is the density and p, is the reference viscosity.
In addition, the boundary conditions on w are given
by

Q
wir, 0) =r?- > =iy (8)
G,
wir, 1) $r2(1—82)5= ri {1 —e?ix, 9

and no slip requires dy//0r and dy/0f to vanish at { = 0
and{ = 1.

The small cone angle approximations to the
solutions of equations (4)-(9), developed earlier by
Turian [1], derive from an ordering scheme based on
the idea of viewing the primary motion to be the purely
tangential flow. Reference to equation (5) suggests that
this primary flow (corresponding to the approxi-
mation w ~ wy; say} must be derivable from the linear
terms exclusively; inclusion of terms belonging to the
nonlinear left hand member would be tantamount to
the inappropriate introduction of secondary flow
effects at this primary stage. Furthermore this fact and
the boundary conditions in equations (8) and (9) assert
that wy, ~ O(1) in the flow. Now the first correction
term, say w;, to this primary approximation must
inevitably include suitable contributions from the
nonlinear inertia term involving both ¥ and w in
equation (5), since the correction is clearly motivated
by the need to compensate for their earlier exclusion. It
follows then, from a comparison of the linear term
involving ¢ with those containing w in equation (4),
that  is O{Re,&>). Accordingly we define

1 = Y/Reye?

so that y ~ O(1) in the flow, and equations (4) and (5)
are transformed to

(10)

R 2[1 (% E*y) 2E2x( &% é‘x+15x
— e E— ——
r* a(r) r2 \1—¢&¥? or rcC)
2 &% ow l@w
e — E4.
r? (1 &2 ér r & )J z b
1 oz w)
—Re? = E%w
ey = E (12)

in which Re = Reyz?.
The energy equation for constant properties, written
in terms of the present variables takes the form

Re? 3(x, T) 1 jﬁzT é oT
) A T 2
or ar

2 arL) Pr? l@(z
20,
—(QZ ) (13)

% ?J}
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The dissipation function is calculated from
q)r‘ (l _5129512 )2

0T A

(=

{14

We develop asymptotic solutions of equation (13).
for small Re and small ¢, for the following two cases of
thermal boundary conditions:

Case 1:
Tr.Oy =T =T, (1%)
Case 2:
- T
Tir.0)= 1, f-;(r.l}r() {16}
L

in which the overbar denotes that the quantity in-
volved is dimensional, say expressed in K. The dimen-
sionless temperature appearing in equation (13} is in
gach case given in terms of the reference temperature
To by T =(T—T,)/T,. The thermal boundary con-
ditions in equations (15) and (16) are identical to those
used in earlier work [2] pertaining to plane Couette
flow, and it was shown there that these boundary
conditions correspond to the practical situation in
viscometry.
ASYMPTOTIC SOLUTIONS FOR SMALL Re AND =

The appropriate parameters governing the problem
under consideration are Re? and ¢* as can be deduced
from equations {11}, {12) and (13) and the boundary
conditions {8) and {9) as well. It was shown by Turian
[17] that for the hydrodynamic problem straightfor-
ward expansions for small Re for w and y have the
forms

- 3 L2
wir. 21 Re?, 62) ~ wolr. (e

+ Refw (e + .0 U
PALE Re? e) ~ yolr 31e9)

+ Rey, (n LB+ (18)
and further that the coefficients wi(r, {:¢%) and
7r. {1 2%) have the small-¢ cxpansions

wilr, $ret) ~ wiglr, Oredw (n O+ .0 {19
ydr. Jred) ~ z,«t,(r.i)—kazzn(nl)—&.4‘. (20}

Case 1 T(r. 0) = T(r. N = O

Rarrt M. TUuriAN and W, AUiNG

Clearly, we are using the notation wy; and X, to
designate the coefficients of the terms of O(Re? ey in
the expansion for w and z, respectively.

Details of the treatment of the hydrodynamic
problem embodied in cquations {11y and (12} have
been documented previously [ 1], and so have the ana-
lytical solutions for the terms wg,. Wi Woae Wy
Xgo- Xopy. and Xy, These solutions are developed
as explicit algebraic functions of r and {, and cun be
referred to as needed. We observe that in view of the
expansions in (17)-(20) the dissipation function
given in equation (14} can be ordered as follows:

)
Q°

i

e LR B /P PN e our ' WO LN o

PR O et 0 0 0

in which, as in the foregoing, ¢,,{r. < 1is the coeflicient of
the term O (Re? &™), '

From the expansions depicted in equations (18) and
(20} for 7. and {21} for @, we surmise using equation {13}
that the small Re?. small % expansion for T has the
form

T O Re2 & Pro Bry ~ Talr oo
+ ReAT i Coe™ ProBey+ . 1220

in which the terms T, and T, have the small oF
expansions given by
TAr, Cot ProBry ~ Tigtr, 2 Pro Bres

+ et T P By i
Substituting the expansions {213-{23) into equation
{13) we obtain the following differential cquations for
the terms T,

. g

1 (;'""IQ()
vy Brepg, = [R2S!
reoelr
A2 - e e
177y, o, oTh, 5. [
A R PR
G S Y cro a0
= Brgrey =00 {25
TR R B VUL P o Ty |
B Y o FeEe ) B I
i (8 ] &) [ e

i Brgpy, = 0 (26
L Ty  Br

b o0 Taol
L cihyy = :
rProo0” Pr

RS

The solutions of these equations must be carried out
sequentially using the results for the hydrodynamic
problem given by Turian [ 1]. We summarize below the
solutions of equations (24)-(27) for the two cases of
thermal boundary conditions given in (15) and (16):

’. R - PR IN N
Too = = Ak =R T =27 (28}
Br L aied s a3 vl - .
7:'»! o "_}‘(Kg”K())“7'4(é4+4g3—“8;,”+3g\ {29
Br 2.271056 «3 “3 2 - 10
Toy = — (1, =R (1970 — 200% — 300% + 1202 4 190) 1301
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PrBrr® .
To = ~ %0700 (i, =0 )[(y — o) (507 — 168¢® —210° —70¢* + 209¢)
+ 51 (2007 — T0L° + 847° — 3504+ 0)]
Brr®

—gm(x‘ — 102 [ 30, —#)? (2508 ~98L S + 560° + 1260* — 11203 — 1802 + 210)

+ 2K (10, — 10 )(300L7 — 4900 ® — 29475 + 12600 * — 9800 + 1750 +29¢)
+ 140k3(8L6 — 2475 + 300 - 2003 + 702~ )] (31}

aT
Case2: T, ) =0 —(r,1)=0
174
Br
Too =?(K1—K0)2"2(2C—CZ) (32)
Br 5 5 .
Tg = ‘”1"2‘(’(1“"(0) FZ(C4+853—SC —120) (33)
B
Ty, = —1—25"6(K1~x0)2r2(19(:6—2054+ 1200% - 394¢) (34)
PrBrr®
Tio = = e = o) [y =160) (507 84S+ 630~ 700+ 1190)
+ 5o (1007 — 1475+ 217° — 35L* 4+ 49¢)]
Brr®

w5400 (¥ o) B0k ko 25L° 86 4 565 + 12604 — 11203 — 18¢2 — 247)

+ 2k (i — Ko (30007 — 49048 — 29475 + 12600* —980¢® + 175¢% — 1400)
+140k2(805 — 2403+ 300* - 2003+ 702 = 20)). (39)
In these equations ko = Q,/€Q, and x, = Q,/Q as implied in equations {8) and (9).
It should be observed that the first term in the approximation, Ty, in each case, corresponds to the plane
Couette flow situation [equations (28) and (32)]. This will be exploited later by utilizing available results for this

simpler geometry to assess the influence of the temperature sensitivity of the transport properties on the heat-
transfer problem under consideration here.

CALCULATION OF T, 0, AND Nu
The maximum temperature T, = T{1, {,,) occurs at { = {,,, which is determined from a solution of

o (L) =0 (36)
oM T
Explicit analytical expansions for {,, can be developed through enforcement of the condition in (36) and use of a
suitable process of inversion. To facilitate this it is convenient to utilize the general form

{m = Coo[ 1+ o1 +... + R} yo+...)+...]. (37)

When condition (36) is imposed on the temperature distribution for Case 1 given by equations (28)-(31), and
equation (37) is used to enforce the condition at successive levels of approximation, one gets
1 {l g2 &t o ReZLPr(lgl{Kl —Ko)? B 19k (xc, ~ Kg) N 277(x; —ro MKy +1%5) b 68
32256 80640 134 400

Also T,,, for Case 1 is calculated from equations (28)—(31) by using equation (38) in T;,,, = T(1,{m) and
enforcing the asymptotic ordering scheme. This gives

Br et 409 ) TRe*Br{xc, —1o)*

2 s ’ .
Trax = g (x; —Ko) (1 % 14408 1843200 (508Pr+3)+.... (39}

For Case 2 it is obvious from equation (16) that T, = T(1, 1} and equations (32)35) then yield

Br 11 55
»;(KI—K0)2(1+~6~82+1-884+.,.)

Re*Brix, ~ro)? 5 5
~ T s0a00 [3(ry —xo)?(52Pr — 45) + 2K (1) — 5 {155Pr — 169) — 140k ] +. ... (40)

Tinax =
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Next we calculate the total rate of heat generation @ = 2R epC, T, 0. in which the nondimensional heat
generation rate Q is calculated from
AR R
. i cia p
Q= 5 Tir, S drdl. (41
WY
In addition the Nusselt number is calculated using the convenient definition

. hRe  (1—¢" Q e 'T
Nu{r, {) = = - {423

LR 5 I

wherc h is the local heat-transfer coefficient. Combining the solutions for the temperature field, equations
{28131} for Case 1, and {32)-(35) for Case 2. with cquations (41} and (42) we get the following results:

Case 1 T(r,0) = T(r, 1} =

SR § oo 777R<’“P§ Brix, —sm
)‘, R (R PrBri;
¢ (’ 1o %3 )T Mo
Re Brix, —ry)? S . )
*1’3“6‘08000 [17 Ky }\'0)"+100I\'0i\’£]+4” (43)
Br &2 19 . Re*PrBrr®
A )7 Sgapp " ) (209K, = 204)
Re?Bri? ‘ S o
— ‘50‘10'0 "1 KO) {63 lC())h“%“SgKO(Kl —Kg}— ]407»6} “+ . 144y
. B S 161 - I Re*PrBri’® R
.’\'H(i. 1) = ‘5' (Kl “}\0) =& (0) 360 . }‘%*’3’6560 ( Ky "?\‘0) (834}\1 -"8391\'@)
Re? Brr® , N ?
— 5040() () = wo) [1350¢; — 1o + 338k (1) ~ ko) + 14003] + ... 45
, T
Case 2: T(I’, O) = 0, T {I'. 1\) =0
&L
Br ‘ 97 589 | Rc“PrBr( —K )
P . A2 o e "o,
Q=5 (ki=r0) (1 0 et ) }02400 (6T, + 681)
RezBaf{I\i — KV ,
+ - AM&{OZE)—(%“ [10210xc, — ko) + 2585k {1y — o)+ HIOOKE] + .. {461
(o, 197 Re?PrBri’(x, - )‘
Nulr, Q) = Brix, ~tc(,)r( T4e + 50 Pk ) 36(}{7}—{7"7 g (17w, + 18xy)
Re2Bridix 1\0)

6300 - [9try =Ko} + 3Bk, ]+ .o 47
For Case 2 the local Nusselt number over the cone surface Nu(r, 1) = 0 of course.

1t is useful to reconsider the relationship between the differential equations (24)-(27) and the foregoing results
obtained from them. Equation{24) contains a conduction term and a frictional heating source term. It represents
precisely the plane Couette flow approximation to the motion considered, and this therefore is the reference
primary approximation. Equations {25) and (26} represent corrections necessitated by the differing geometry, and
these can be made as small as desired by taking ¢ sufficiently small. Equation (27) contains a conductive, a source
and a convective contribution. The viscous heating contribution from this equation appears in the terms in
{Re®Br) in equations (39), (40) and {43)-(47), whereas the convective contribution is contained in the terms in
{Re*PrBr). 1t is clear that in the limit 82 — 0, Re? — 0 the plane Couette flow results are recovered. and this
common root will now be examined further.

PLANE COUETTE FLOW OF VARIABLE PROPERTY FLUID
The frictional heating in plane Couette flow of a fluid with variable transport properties was treated by Tunun
and Bird [2] before. Among the various situations examined. it was shown that for a fluid with transport
properties obeying the relationships

k
o o, THo, T2 4. (483
Q

S Y I S (49
1t



Convection and frictional heating in a cone and plate system 1093

the approximations for the temperature field for small Br, when adapted to the cone-and-plate geometry, yield
the following:

Case 1:
T=;(Kl—xo)zrz(l—ézﬁrgr;?ﬁl(m—x0)3r4[(i<1—Ko)(54'253+5)+2@2—m
-Br;otl (k) =K (=P +....  (50)
Case 2:
A ! Bif ~ oy =xo)*r*[loey —Ko)(C* = 403+ 80) + 802~ 0]
_Br:fl (k) =Ko P2 =202 +....  (51)

As indicated by Turian and Bird [2] the process of adapting the plane Couette flow results to the cone and
plate results given by equations (50) and (51) above, and also those given by equations (52)—(59) below, entails
making the following simple replacements:

Plane Couette flow Cone and plate flow
x/b (rsin f/rsin fy) =
V2 ZQZ
Br, =" Kol 22 Brg?)
k() TO kO TO

where b is the channel separation and the reference speed V = |V;] + |V;], with ¥, and V, being the velocities of the
planes at x = 0 and x = b, respectively.
Equations (50) and (51) yield the following results for {,,, T,,... @ and Nu calculated in the same way as before:

Casel: Tr,0) =T(r, ) =0

gl" =%
Br ) s N 1 Brx, .
Toax = ? (k=KoY + Brofi(x; — o) 58_4(’\1 “Ko)"‘TS __128 (K, —xo)" +. .. (52)
Br Br?B Briu
Q= %(Kl —Ko)’ + 25201 (k) —K0)°[3(xy — 1) — 5] — 16801 (¢ =r0)* + ... (53)
Br Br*f, 3
Nu(r, 0)=~2—(;c1—x0)r+ ” () —50)*r3[{K) —Kg)=2] + Bria, (0) + ... (54)
Br Brif, 5
Nu(r, 1) = —7(;\'1—;(0)11— 54 (1 —k0)*r*[ (k) ~#4) = 2] — Bra,(0) +.... (55)
cT
Case 2: T(r,0)= 0, —(r, 1) = 0
48
C”' = 1
Br , Brp Bry
Tmax=7(k’,——h‘o)“+ 2 ‘(Kl_KO)3[5(K1_KO)_8]_ ! (K;—Ko)* +... (56)
Br 2Brf}, Bria
Q=E(K1—’\'0)2+ 315 ("'1"‘"’0)3[3(’(1_’\'0)“5]- 1051(K1‘Ko)4+-~» (57)
. Brg,
Nu(r, 0) = Br(x; —xo)r + (Kl—Ko)sl's[(KI~—l\‘0)—2]+Bl'20(1(0)+... (58)

Nu(r, 1) = 0. (59)
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It is clear that all of the correction terms in the
cquations in this section, ie. the terms containing =,
and f#; in equations (50) «(59), account for the tempera-
ture sensitivity of the thermal conductivity and the
viscosity. Thus these are small Br expansions pertain-
ing to situations in which only small temperature
gradients arc generated within the fluid, and the
primary reference state is for a fluid with constant
transport properties coinciding with those evaluated
at the reference temperature T,,.

The asymptotic results in the preceding sections,
cquations (28)-(47). were developed with Br taken as a
free parameter, and they might appear to be valid for
arbitrary values of Br. cxcept for the fact that large Br
values cannot be tolerated since they give rise to large
temperature gradients. and therefore to the collapse of
the underlying assumption that the transport proper-
ties are fixed. It follows then that the basic tie between
the results of the preceding sections and those quoted
in this section resides in the following: the small Re”.
small ¢ results of the preceding sections are also
implicitly restricted to small Br values consistent with
the explicit assumption that the transport propertics
arc constant. whercas the small Br results of this
section are also restricted to small Re? and #? values in
order to sustain the assumption that geometric and
secondary flow effects are small (which clearly are
implicitly made in adapting the plane Couette flow
results to cone and plate flow).

INTERPRETATION OF RESULTS

It is instructive to examine the calculations pre-
sented in the preceding sections in the context of
pertinent previously available results. It will be con-
venient, without being limiting. to consider for this
purpose only the situation for which the plate is held
fixed while the cone is rotated at a uniform speed. ie.
for k, =0 and x, = 1. Under these circumstances
equations (39) and (52} for 7, in Case { reduce to

Br | o 409
T;I\ux = R l - T LE
& ) 24 1440
889Re*Pr TRe*
e I [ )
230400 76 800 |
and
Br 4 Brfs,  Bru,
Ty = 1= O B e
8 | 16 16 |

while equations (43) and (53) for Q for the same case
yield

Br | & 11,
= e - — T =
2= 30 35
- 2P 22 |
_2MRePr TIRE 6
30240 226800 |
and
Bl‘j Brfi;, Bru, I
0 60 | 14 28 {

The expressions for Ty, for Case 2 are obtained from

RAFFL M. TURIAN and W. AUNG

equations (40) and (56), and they reduce to the forms

’];HU\ l 4 ¢ l ’l‘" ; (4 i
! 2 6 18
13Re"Pr 3Re*
S e {0y
2100 560
and
N Br§ Brfi, Brx, ~
T P (63

= + .
2 4 4 |

For Case 2 the reduced forms of the expressions for ().
obtained from equations (46) and (57), are given by

Br 97 . 589
Q= «jl+ A
151 60 210
67Re* P 1021Re*
e e (60)
20160 453600 \
and
0= gy B 67
= _ 4 _Brp, — o (67
15 7 Py i o]

It is useful to recall now certain previously estab-
lished results to ascertain whether they impose pos-
sible restrictions on the present expansions. and
beyond that to explore their utility as guidelines {or
assessing the ranges of the present approximations.
First, for strictly the case of plane Couctic flow it has
been established (see Joseph [ 3. 4]) that value of (B §)
corresponding to the critical stress is equal to 18.3 and
4.6 for Cases 1 and 2, respectively. These values turn
out to be considerably in excess of the maximum (Brf))
values for which the expansions (61). {63). (65) and (67)
retain any meaning as asymptotic approximations.
Accordingly these expansions are restricted to the
lower maximum temperature branch of the critical
stress-maximum temperature rise curve characteristic
of this type of flow [3, 4. 6], although the temperature
and velocity distributions are strictly single-valued
when expressed in terms of the Brinkman number.

The torque on the cone required to maintain the
motion will naturally be affected by the temperaturc
variation of the transport properties. and also by the
intensity of the seccondary motions. A pertinent resull
deriving from the plane Couette flow analysis is the
ratio (M/M,), where M is the actual torque. and M, is
the torque value corresponding to the situation when
the fluid transport properties arc assumed (o be
unaffected by the temperature gradients. [t was shown
previously [ 2] that this ratio is given by

‘ Brf,
(MiMy) =~ "+ (68)
20
for Case 1, and by
Brfi,
(M/M) =1 - =" (69)

for Case 2.

It is interesting that to the first order in Br the
temperature dependence of the thermal conductivity
does not affect the torque.
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In the analysis of the three-dimensional flow in the
cone and plate system by Turian [1] a different sort of
torque ratio, (M/M,), from those given by equations
(68) and (69) was calculated. In this instance the torque
M is the value required to sustain the actual three-
dimensional flow patterns, while M, is again the
torque value due merely to the one-dimensional,
purely tangential, primary motion assumed unaffected
by the secondary flows. The torque ratio so defined is
found to be given by

. 3
(M/Mg)=1+——Re*+....

70
4900 (70)

Using a rather extensive collection of available
experimental data it was discovered that the simple
result in equation (70) has a surprisingly broad
range [1], extending virtually to the limit when the
correction term (3Re3/4900) is equal to the first term
1. But the other approximations above are more
restricted as will be shown below.

Tt should be observed that for (Brf3;) and also (Re?)
small the effects of temperature rise and secondary
flows on the measured torque can be estimated by
linear superposition of the correction terms in equa-
tions (68)—(70). The more frequent situations, however,
turn out to be those in which these effects are mutually
exclusive; for highly viscous, temperature-sensitive,
liquids the effects of temperature gradients on the
viscosity predominate (usually exclusively) those of the
secondary motions, while for highly fluid liquids
(which also happen to be relatively temperature in-
sensitive) the reverse situation applies. This is de-
monstrated in Table 1 in which the terms in equations
(60)—(67) for a typical lubricating oil (Schlichting
[14]) and for water are given. The reference tempera-
ture used in 293K for both liquids. The column
entries represent the absolute values of the terms
within the brackets in equations (60)—(67), except for

the first column with the heading (Br), which gives the
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values of the term outside the brackets in each case.
Thus for Case 1 the first two rows in the column

headed by (Re?Pr) gives the values of the term
(889Re? Pr/230400) in equation (60) for the lubricating

oil and for water, while the first two rows in the (Br)
column give the values of the term (Br/8) in equation

(60). The columns headed (Brf,) and (Bra,) give the
values of (Brf,/16) and (Br«,/16), and so on. It is clear
from this table that for the lubricating oil the term
(Brp,) represents the most significant effect even
though the value of Pr for this oil is 10 100. For water
the inertial effects embodied in the terms (Re?Pr) are
clearly most important, although even for Case 2 the
value (Br/2) = 2.8 x 107 corresponds to a maximum
temperature rise of only 0.0008 K. For the lubricating
oil, however, the value (Br/2)=5.84x10"* cor-
responds to a maximum temperature rise of 0.17K,
and from equation (69) the corresponding correction,
(BrB,/5), to the measured torque is equal to 0.004,
while the term (3Re?/4900) which represents the
correction due to the secondary motions from equa-
tion (70) is only equal to 1.12 x 10~ 2. The temperature
distributions within the fluid gap are depicted in Fig. 2
for water, and in Fig. 3 for the lubricating oil for
selected operating conditions for Case 1. Comparison
of the curves for the case when secondary flow effects
are included, equation (60), with those corresponding
to the plane Couette flow approximation, equation
(61), shows that one additional important consequence
of the inclusion of the convective terms is the loss of
symmetry about the “mid-plane” { = 1/2.

In order to utilize the results obtained in the
foregoing it is necessary to establish first the nature of
the restrictions appropriate to the situation con-
sidered. As a general guide it will be sufficient to
examine the various restrictions intrinsic to and
imposed by each of the applicable approximations in
any given situation and to identify the approximation
which is most restrictive, which would then serve as the

Table 1. Comparison of expansion terms for viscous oil and water

Expansion term of order: (Br) (8-2) (Re*Pr) (Re?) (BrB,) (Bray)
Casel: T(r,0)=T(r,1)=0
T [(60), (61)]: Lubr. oil 146x107* 127x1075 710x10°* 1.6x10 ° 129x10"% 172x10°5
Water 700x1077 793x1077 9.72x1072 816x10"° 194x10"¢ 223 x10°7
0[(62), (63)]: L br.oil 195x107°% 102x107° 1.69x1073 13x107° 147x1073 984 x10°6
Water 934x107% 635x1077 577x10"% 671x107° 221x10°% 127x107"
Case 2: T(r,0)=[0T(r, 1)/0{] =0
Tonax [(64), (65)]: Lubr. oil 584x107*% 558x107% 1.14x107? 975x107% 516x10"3 689 x 105
Water 280x107° 349x107° 390x10°2 480x107% 775x107% 891x10~7
Q[ (66), (67)]: Lubr. oil 779x107% 492x107% 6.12x107* 410x107% 591 x1073 395x10°*
Water 374x1077 3.08x107° 209x107% 202x10"% 885x10°¢ 509x10°"
R Q Ho

(cm) € (rad/s) (P) B, oy Re Br Pr
Lubr. oil 5.0 s@n 1° 5 796 17.67 —0.236 427 %1073 1.17x1072 10100

Water 5.0 sind° 20 0.01 5.53 0.636 9.46 x 107! 560 %1076 7.03
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Fii. 3 Temperature distributions for lubricating oil.

governing restriction. For example, for the thermal
boundary conditions corresponding to Case 1. the
applicable equations are: for T,,,, equations (60) and
(61), for Q equations (62) and (63). and for the torque
ratios equations (68) and (70). As asymptotic relations
we might arbitrarily invoke the rule that the dominant
correction term in each relation cannot exceed a
certain fraction (say 10%) of the primary fundamental
approximation term. For the relations in equations
(60)-(63), for instance, the dominant correction terms
are, for liquids, usually the terms (889Re? Pr/230 400).
(Brf,/16), (277Re*Pr/30240), and (Brf},/14). re-
spectively. The pertinent correction terms for the
torque relations in equations (68) and (70} are clearly
(Brf,/20) and (3Re?/4900). It is a trivial matter to
establish which of these six correction terms embodies
the most stringent restriction in any given situation.

CONCLUSIONS

The results presented here, taken together with
related carlier studies [ 1. 2], provide a fairly complete
analytical treatment of the hydrodynamic and fric-
tional heating problem in the small angle cone and
plate system. The small angle property characteristic
of most practical cone and plate systems is clearly the
key to the effectiveness of the asymptotic scheme in
establishing results of rather broad applicability. Thiy
body of work was motivated by the need to establish
quantitative guidelines for cone and plate viscometry.
but the analysis can also be used to pattern mass
transfer calculations in this system. It would seem that
this geometry should prove useful in mass transfer and
related studies in view of the well defined hy-
drodynamic problem, and the availability of simple
analytical results relating to it.
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CONVECTION ET CHAUFFAGE AERODYNAMIQUE POUR UN SYSTEME DE CONEET

DE PLAN

Résumé—On calcule le champ de température résultant du chauffage aérodynamique d’un fluide confiné
dans la région entre un cone et un plan, lesquels sont en rotation relative, les conditions aux limites
thermiques étant données. Le probléme de convection relatifd 'écoulement tridimensionnel, caractéristique
de cette géométrie, est résolu sous la forme d’un développement asymptotique pour un petit nombre de
Reynolds et un petit angle. Avec P'adaptation de résultats précédemment publiés sur I'écoulement plan,
de Couette de fluides d propriétés de transport dépendant de la température, ces solutions fournissent
I'estimation des effets de la conduction, de la convection, du chauffage aérodynamique aussi bien que de
la sensibilité des propriétés de transport 4 la température.

Zusammenfassung—Das Temperaturfeld, das durch dissipative Erwdrmung eines Fluids im Bereich
zwischen einem rotierenden Kegel und einer Platte entsteht, wird fiir vorgegebene thermische
Grenzbedingungen berechnet. Das konvektive Wirmeiibertragungsproblem, das zu dem dreidimen-
sionalen Geschwindigkeitsfeld gehort, wird als eine asymptotische Erweiterung fiir kleine Reynoldszahlen
und Kegel-Winkel gelost. Zusammen mit Anpassungen aus frither publizierten Ergebnissen fiir ebene
Couette-Stromung von Fluiden mit temperaturabhingigen Transporteigenschaften liefern diese
Loésungen ein quantitatives MaB fiir die Effekte der Leitung, Konvektion, Dissipation ebenso wie fiir die
Temperaturabhéngigkeit der Transporteigenschaften des Fluids,

KOHBEKLIMS W JUCCUITATUBHBII HATPEB B CUCTEME KOHYC-IJACTUHA

Ansoramust — 1515 3a0aHHBIX TPAHMMHBIX YCIOBMI aeTCH PacyeT TeMNepaTypHOro mons, o6ycro-
BJICHHOTO AHCCHOATHBRBIM HarpeBOM KHIKOCTH B 3a30Pe MEXKIY KOHYCOM H TIACTHHON NHpH HX
CTaUMOHAPHOM BPALICHMH OTHOCHTENBHO ApYT Apyra. 3akaua KOHBEKTHBHOTO TEpEHOca Temina B
XapakTepHOM A/ HAHHOH FEOMETPHH TPEXMEPHOM NOJIE CKOPOCTEH PEIICH C HOMOIHBIO aCHMIITO-
THYECKOTO Pa3jIoKeHus B PRI I MamslX ukcen PeliHOAbACA M Manoro yraa KoHyCHOCTH. Bmecte
€ pasee omy6IHKOBAHHBIMHE PE3YNBTATAMHE I INIOCKOro Tevennst KyaTTa ®uakocTel ¢ 3aBHCALIAMH
OT TeMIEPaTypel CBOHCTBAMH, ITH PEIICHHS OAalOT KOJIMHMECTBEHHBIE OLEHKH 3((eKTOB Temno-
HNPOBOAHOCTA, KOHBEKUMH, IMCCHOATHBHOTO HarpeBa, a Takke TEMNEpaTYpHOH 3aBHCHMOCTH
NEPEHOCHBIX CBOMCTB XHAKOCTH.



