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Abstract-The temperature field resulting from the frictional heating of a fluid confined in the region between 
a cone and a plate, which are in relative steady rotation, is calculated for prescribed thermal boundary 
conditions. The convective heat-transfer problem pertaining to the three dimensional velocity field, 
characteristic of this geometry, is solved as an asymptotic expansion for small Reynolds number and small 
cone angle. Together with adaptations of previously published results for plane Couette flow of fluids with 
temperature-dependent transport properties, these solutions provide quantitative measures of the effects of 
conduction, convection, frictional heating, as well as the temperature sensitivity of the fluid transport 

properties. 

NOMENCLATURE 

Brinkman number; ~oR2!22/ko ?$; 

heat capacity of fluid [J kg- ’ K- ‘I; 
differential operator defined by 

equation (6); 
local heat-transfer coefficient (42) 

[Jm- ‘s-lK-‘li 
thermal conductivity of fluid 
[Jm-‘s-‘K-l]; 
thermal conductivity of fluid at 
temperature z [Jm-‘s-l K-l]; 

actual torque value for temperature- 

dependent transport properties in absence 
of secondary motions [N m] ; 
actual torque value for isothermal flow 
including secondary motions (70) [Nm]; 
torque value assuming temperature- 

independent transport properties and 
absence of secondary flow [Nm]; 
local Nusselt number (42); 
Prandtl number: pC,/k,; 

radial coordinate nondimensionaltied 
with respect to R; 

cone radius [m] ; 
Reynolds number: R’Rp/p,; 

Reynolds number: ReoE2; 

dimensionless temperature : (T- Q/T, ; 
reference temperature [K]; 

. 
43 Ulh u+ dlmenslonless velocity components 

in the Y, I!? and 4 directions, respectively 
(non-dimensionalized with respect to RR); 

W, dimensionless tangential velocity: 

r cos PUN (2); 

Wi, coefficient of term of O(Re”) in 
asymptotic expansion for w (17). 
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Greek symbols 

C(~, cz2, . , dimensionless temperature 
coefficients of thermal conductivity (48); 

PI, pz, . , dimensionless temperature 

coefficients of viscosity(49): also 
pj = Djljl. ; 
dimensionless coefficient in exponential 
viscosity-temperature relation (49); 
spherical coordinate (Fig. 1): 

(7c/2)-_[rad]; 
cone angle [rad] ; 
sin PO ; 
sin B/E ; 

value of [ at the maximum temperature; 

spherical coordinate (Fig. 1) [rad]; 

dimensionless rotational velocity of 

plate : Q,/!L?; 
dimensionless rotational velocity of 

cone: RI/R; 
viscosity of fluid [kg m- ’ s- ‘1; 
viscosity of fluid at reference 
temperature [kgm- ‘s- ‘1; 
density of fluid [kg m- “1; 
dimensionless stream function : tj/Re,~~ ; 
coefficient of term of O(Re”) in 

asymptotic expansion for x (18); 
dimensionless stream function (2); 
spherical coordinate (Fig. 1); 
dissipation function (14); 
angular velocity of plate [rad s- ‘1; 
angular velocity of cone [rad s- ‘I; 
reference angular speed: 
IQ,l+ l&l [rads-‘1. 

INTRODUCTION 

THIS paper is concerned with convective heat transfer 
in a fluih confined between a cone and plate which are 
in relative steady motion (Fig. 1). The fluid flow and 
heat transfer in specialized fluid processing systems 
have been of interest to the present authors in a 
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number of previous analytical studies [I, 2,h. 15, 161. 

The present configuratjon is important in a number of 

applications. but is most widely used for measurenlent 
of rheological properties [l+ 21. Fluid motion in this 
geometry is inherently three dimensional, being corn- 

prised of a primary tangential motion with a super- 

imposed secondary flow. The purely tangential main 
flow is associated with a limiting condition of uniform 
stress and strain rate in the fluid region, and this can 

roughly be surmized from the fact that at any point on 

therotatingcone surface the velocity is proportional to 
the distance I’ from the apex. and, of course, so is the 

gap width at the same point. Accordingly their ratio. 

representing a first approximati~~n to the strain rate. is 
independent of r. This feature, it seems certain, em- 
bodies the singular advantage of this geometry over al1 
others used for rheological characterization of shear- 
sensitive materials. Cone angles, /IO, in general use are 
small. rarely exceeding 4”. and it turns out this 

property can be exploited to establish analytical 
approximations of broad practical utility. The objec- 
tive ofthe present work is to examine in some detail the 
heat-transfer problem associated with the frictional 
heating of the test fluid in this three-dimensional flou 

field for various prescribed thermal boundary con- 
ditions. To do this. the perturbation solutions of the 

Navier Stokes equations developed previously by 
Turian [I] for this geometry for Newtonian fluids with 
temperature-independent transport properties arc 
used. it was shown in this earlier work that an 
appropriately defined Reynolds number, Re’, and a 
suitable cone angle function, 6’ = sin’ /$,. provide the 
proper gage functions for ordering the various ap- 
proximations in the asymptotic expansions for the 
velocity and pressure fields. These same gage func- 
tions are used in the asymptotic analysis presented 
here to treat the energy equation including a vis- 
cous dissipation heat source. The small-lie, small-s 
limiting process used here turns out to be equiv- 
alent to an expansion about essentially the plane 

Couette Row ~~pproximation as the primary reference 

state. This then permits the adaptation of previously 
published results of Turian and Bird [Z] for the vari- 
able viscosity, variable thermal conductivity analysis 
of the frictional heating in plane Couctte How to the 
present situation. As a result. contributions to the 
heat transfer relating to conduction. convection. and 

viscous dissipation, as well as those deriving from the 
temperature sensitivity of the relevant transport 
properties are depicted in the overall analysis 
presented here. 

There is anextensive literature on frictionally heated 
flows. A striking phenomenon associated with variable 

viscosity flows of liquids is the possible occurrence of 

inultiple steady states. and the nonexistence of steady 
state solutions for so-called stress parameter levels 
exceeding the critical value. The existence and unique- 
ncss of frictionally heated variable viscosity New- 
tonian Couette and Poiseuille flows was examined by 

Joseph [3.4] for the general fluidity-temperature 
dependence as well as for the particular cases of the 
linear, the quadratic and the exponential temperature 
dependenccs. Experimental confirmation of the 
phenomenon for the simple Couette and Poiseuille 
flows has been reported by Sukanek and Laurance [S’] 
in a paper which contains a c(~mprehensi~~e biblio- 
graphy on the subject. In frictionally heated variable 
viscosity liquid flows the critical stress, or the cquiva- 
lent property. defines the limit at which the frictionally 
generated heat has reached the fult capacity of the 
system to remove it to the surroundings by all 
available means (conduction, convection, etc.). Joseph 
[3, 41 has shown that the critical stress value depends 
strongly on the temperature sensitivity of the viscosity 
of the fluid; the more rapidly the viscosity decrease 
with increasing temperature the lower the value of the 
critical stress. For pseudoplastic non-Newtonian 
fluids the viscosity decreases with increasing stress as 
wet1 as with temperature, and consequently tempera- 
ture and non-Ne~~tonian elects are reinforcing. 
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whereas for dilatant non-Newtonian fluids these 
effects are counteracting as shown by Turian [6]. An 
extensive listing of non-Newtonian frictionally heated 
flows has been given in the review by Trowbridge 
and Karran [7]. 

A common characteristic of virtually the entire body 
of published work on variable viscosity flows de- 
scribed in the foregoing is the fact that it pertains 
strictly to one-dimensional velocity fields. This reduces 
the governing energy equation to substantially the 
one-dimensional steady state conduction form and 
furthermore it results in an effective uncoupling of the 
momentum and energy equations. The critical pheno- 
mena discussed here arise in other physical situations 
including heat generation in conducting solids [S], in 
buoyant viscous flows [9], and inexothermicreactions 
[lo]. The last problem traces its origin to the brilliant 
ideas of Frank-Kamenetskii and his theories on ther- 
mal explosions [ll], which have since spawned a truly 
massive explosion of papers on multiple steady states 
and associated stability phenomena in chemically 
reacting systems. Stability problems relating to fric- 
tionally heated simple flows have been considered by 
Joseph [3,4], by Sukanek et al. [ 121, and most recently 
by Ho et al. [13]. However, the present asymptotic 
solutions are, as will be shown tater, strictly small 
Brinkman number approximations pertaining to a 
range of conditions in which these complications are 
not relevant. 

FORMULATION OF THE PROBLEM 

For the velocity field referred to in Fig. 1 we take uI, 
uO, and Us to be the velocity components non- 
dimensionalized with respect to RQ in which R is the 
cone radius and R = IQ01 + lR,l is the reference 
angular speed. The angular velocities of the plate and 
cone are designated by f2, and Qr, respectively. Using 
p = (n/2) -8 we define the stream function $ through 

1 $li, 1 a$ 
ur=,--; T cosf3iifi 

u<, = -- 
rcosp ar 

(11 

and we set 
W 

zig=-. 
rcosp 

(2) 

Symmetry requires that there be no dependence on 4, 
and consequently the stream function defined in 
equation (1) satisfies the equation of continuity exactly. 
Further, using the transformation 

:=E&s!! (31 

it can be shown that the Navier-Stokes equations, 
upon elimination of the pressure, reduce to the form 
given by 

with 

(6) 

and 

Re, = R2Rp/p,, (7) 

where p is the density and p0 is the reference viscosity. 
In addition, the boundary conditions on u’ are given 

by 

Q, 
w(r,1)=r2(1-&Z)n=r2(l-t:2fIC, (9) 

and no slip requires a$/& and &+bJi3< to vanish at [ = 0 
and c = 1. 

The small cone angle approximations to the 
solutions of equations (4)-(9), developed earlier by 
Turian Cl], derive from an ordering scheme based on 
the idea of viewing the primary motion to be the purely 
tangential flow. Reference to equation (5) suggests that 
this primary flow (corresponding to the approxi- 
mation w - w 0; say) must be derivable from the linear 
terms exclusively; inclusion of terms belonging to the 
nonlinear left hand member would be t~t~ount to 
the inappropriate introduction of secondary flow 
effects at this primary stage. Furthermore this fact and 
the boundary conditions in equations (8) and (9) assert 
that w0 N O(1) in the flow. Now the first correction 
term, say w,, to this primary approximation must 
inevitably include suitable contributions from the 
nonlinear inertia term involving both $ and w in 
equation (5), since the correction is clearly motivated 
by the need to compensate for their earlier exclusion. It 
follows then, from a comparison of the linear term 
involving $ with those containing w in equation (4), 
that $ is 0(Re,~~). Accordingly we define 

1 = $/Re& (10) 

so that x + O(1) in the flow, and equations (4) and (5) 
are transformed to 

_ Re2 

1 a(&W) 
_ Re2 __ __ = E2w 

r2 a@, iI 

in which Re = Re&. 
The energy equation for constant properties, written 

in terms of the present variables takes the form 

).I 
= E4$ (4) 

HhFT 21:8--F 



The dissipation function is caiculated from 

We develop asymptotic solutions of equation (13). 

for small Rc and small c. for the following two cases of 
thermal boundary conditions: 

Case 1 : 

in which the overbar denotes that the quantity in- 
volved is dimensional, say expressed in K. The dimen- 

sionless temperature appearing in equation (13) is in 
each case given in terms of the reference temperature 

T, by T = (T- To),: To. The thermal boundary con- 
ditions in equations (15) and (16) are identical to those 
used in earlier work [2] pertaining to plane Couette 

Row, and it was shown there that these boundary 
conditions correspond to the practical situation in 
viscometry. 

ASYMPTOTIC SOl,UTfOpUS FOR SMALL Rrm AND 5. 

The approprjate parameters governing the problem 
under consideration are Re' and c2 as can be deduced 

from equations (1 I). (12) and (13) and the boundary 
conditions (8) and (9) as well. It was shown by Turian 
[t] that for the hydrodynamic problem straightfor- 
ward expansions for small Ke for \V and 2 hate the 

forms 

Clearly, wc’ are using the notation u or and .\ i, to 
designate the coefficients of the terms of O(i<c”r~“) in 
the expansion for M’ and z. respectively. 

Details of the treatment of Ihe hydrodyn:uniu 

problem embodied in equations ( I I j m~i (I 71 IM\,L 
been documented previousI? [I]. and so have the an;~- 

lytical solutions for the terms II oli_ I( “!. \I~,‘, :\ ,(). 
A’,,, X,,,. and X,,. These solutions are dcvelopeil 

as explicit algebraic functions of Y and <, and LXI IX* 
referred to as needed. We observe that in view ~>t’ the 
expansions in (17)-(X) the d~ssi~~~ti(~l~ ftntcti(9; 

given in equation ( f 4 f can be ot-dcruci its foliate, 

The ~olu~ionc ofthcse eyt~arion~ must bc c:srricd out 

seyuentially using the results ftlt !hz hydrodynamtz 

problem given by Turian [l], WC summarize belou the 
solutions of equations (B-(27) for the two casts of 
thermal boundary conditions given in I1 5) and f 16): 
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PrBrr6 
T,, = -- 50400 (K~-K~)3[(K,-K0)(50~7-168~6-21~5-70~4$2~~) 

Case 2: T(r, 0) = 0, z(r, 1) = 0 

T,, =~(KI-K,$rz(2;-~j2) 

r,, = -; (tii -Ko)2rZ({4~853-8{2- l2<) 

To2 = -~o(tii-KJ’rz(19~6-20~4+120~3-394~) 

PrBrr6 
q, = -.____ 25200 (K, -K,,“[(f$ -K#o[’ -84{6+63<5-7054+ 1191) 

+5Ko(10~~-14~~+21~~-35~~+49~)] 

-~(K,--K~)z[3(~~-K~)2(25~S-98j6+56515+12h;l-112i)-18;2-) 

+2K~(K~-K~)(3~~7-490~6-294~5$126O~4-98O~3+175~2-14O~) 

+140K~(8~6-2~s+3~4-2~3+7~2-2~)]. 

In these equations Kg = n&I, and K~ = i&/a as implied in equations (8) and (9). 

(31) 

(32) 

(33) 

(34) 

(35) 

It should be observed that the first term in the approximation, Too, in each case, corresponds to the plane 
Couette flow situation [equations (28) and (32)]. This will be exploited later by utilizing available results for this 
simpler geometry to assess the influence of the temperature sensitivity of the transport properties on the heat- 
transfer problem under consideration here. 

~AL~UI,A~ON OF T,,,, Q, AND Nu 

The maximum temperature T,,, = T( 1, 5,) occurs at < = {,, which is determined from a solution of 

$(l>i,) = 0. (36) 

Explicit analytical expansions for [,,, can be developed through enforcement of the condition in (36) and use of a 
suitable process of inversion. To facilitate this it is convenient to utilize the genera1 form 

<, = &,[l+~‘<~r +...+Re2([,,-t...)+...]. (37) 

When condition (36) is imposed on the temperature distribution for Case 1 given by equations (28)-(31), and 
equation (37) is used to enfor@ the condition at successive levels of approximation, one gets 

[_=; I+;+&+...-Re2 
181(K, -KC)2 19K,(K,-Kc) 277(K, -K,,)(Kr +Kg) 

32256 - 
-___ 

J i 
+ I.. , 

80 640 134400 
(38) 

Also &,,, for Case 1 is calculated from equations (28)-(31) by using equation (38) in T,,, = T(1, cm) and 
enforcing the asymptotic ordering scheme. This gives 

! 
7ReZBr(xl -K@)~ - 

1843 200 
(508Prt-3f+.... 

For Case 2 it is obvious from equation (16) that T,,, = T( 1,l) and equations (32)<35) then yield 

Br 
r,,,=$K,+%)’ 

11 55 
1+-E2+~C4+... 

6 

Re’Br(K, -K*)’ 
_ 

50 400 
~3(rc,-k-o)2(52Pr-45)+2ic,(~,-K,)(155Pr-169)-1#K~]f.... 

(39) 

(40) 
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Next we calculate the total rate of heat generation Q = 2nRJ~:/~(‘,,‘&Q. in which the nondimensionat heat 
generation rate Q is calculated from 

Q = 1” 1” T(i,<)I~d/.d<, i-l)1 
,‘<I .I> 

In addition the Nusselt number is calculated using the convenient definition 

where h is the local heat-transfer coeficient. Combining the solutions for the temperature held, equation, 
(2X)-(31 1 for Case 1. and (32)-(35) for Case 2. with equations (41) and (42) we get the following results: 

CMC I : T(r, 0) z- T(r, 1) - 0 

?T 
I‘trsc~ 2: T(r, 0) = 0, --- (r. 1) = 0 

ii” 

For Case 2 the local Nusselt number over the cone surface Ntt(r, I ) = 0 of course. 
It is useful to reconsider the relationship between the differential equations (24)-(27) and the foregoing rosuits 

obtained from them, Equation(24) contains a conduction term and a frictional heating source term. It reprcrcnts 
precisely the plane Couette flow approximation to the motion considered, and this therefore is the reference 
primary approximation. Equations (25) and (26)represent corrections necessitated by the differing geometry” and 
these can be made as small as desired by taking r: suficiently small. Equation (27) contains a conductive, a source 
and a convective contribution. The viscous heating contribution from this equation appears in the terms in 
(&JBr) in equations (39), (40) and (43).--(47), whereas the convective contribution is contained in the PXIUS in 
(&‘PF&). It is clear that in the limit I:* -Y 0. Rr’ --* 0 the plane C.ouette fiow results are recovered. and this 
common root will now be examined further. 

PLANE COIJE’ITE FLOW OF \ARlABLE PROPERTY FI.LIID 

The frictional heating in plane Couette Row of a fluid with variable transport properties was treated by ‘furran 
and Bird [2] before. Among the various situations examined. it was shown that for a iluid with transport 
properties obeying the relationships 
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the approximations for the temperature field for small Br, when adapted to the cone-and-plate geometry, yield 

the following: 

Case 1: 

(K, --Ko)~~.~[(K~ -ti0)(i4-2[3+<)+2(j2-;)] 

Br’cc, 
-~(K,-Ko)4r4(<2-<)2+.... (50) 

Case 2 : 

Br2/3, 
T = F (K, -Ko)2r2(2<-<2)+p 24 (K,-Ko)~~~[(K,--IJ)(~~--[~+~<)+~(~~-[)] 

As indicated by Turian and Bird [2] the process of adapting the plane Couette flow results to the cone and 

plate results given by equations (50) and (51) above, and also those given by equations (52))(59) below, entails 
making the following simple replacements: 

Plane Couette flow Cone and plate flow 

(r sin p/r sin PO) = [ 

jiorZR2 
~ = Br(r') 
koTo 

where b is the channel separation and the reference speed I/ = 1 V,l + 1 V, /, with V, and V, being the velocities of the 
planes at x = 0 and x = b, respectively. 

Equations (50) and (51) yield the following results for i,,,, T,,,, Q and Nu calculated in the same way as before: 

Case 1: T(r, 0) = T(r, 1) = 0 

” 
4,n - - 

1 
5 

Br 
T,,, = s (K, -Ko)2+Br2/?,(K, -K~)~ 

5 
384(K, _K”)-f _B’z”1 

i 
128 (Kl-K,,)4+... 

Q =:(K,-K,)‘+~ (K,-Ko)3[3(ti,-Ko)-5]-~(~,-~o)4+... 

(52) 

(53) 

Nu(r,O)=~(K,-Ko)l+ 
Br2B, 
y-(~,-K~)3r3[(K,-K0)-2]+Br2a,(0)+... (54) 

N,,(l,l)= -+K”)‘.- Br’/?, 
y+-K0)3r3[(K,-~o)-2]-B1.21,(0)+.... 

Case2: T(r,O)=O, E(r,f)=O 
ii 

L, = 1 

Tm,,=~(K,-io)2+ 
B?/j , 
y$K, -~~)~[S(ti, -x0)-8] -7 (K,-Ko)4+... 

Q 2&K,-,,)2+% (ti, -Ko)3[3(K, -4-51 -$ (K,-ti0)4+... (57) 

Nu(r, 0) = Br(ti, -q,)~‘+ ~(~,--K~)3~3[(h.,-~;~)-2,+Bi.-~I(0)+_,. (58) 

Nu(r, 1) = 0. (59) 



It is clear that all of the correction terms in the 
equations in this section. i.e. the terms containing 2, 
and/i, in equations (50) (59), account for the tempera- 
turc sensitivity of the thermal conductivit> and the 
L-iscosity. Thus these arc small BV expansions pcrtaill- 

ing to situations in which only small temperature 
gradients arc generated within the fluid, and rhc 
primary reference state is for a fluid with conbtant 

transport properties coinciding with those evaluated 
at the reference temperature ~7(,. 

The asymptotic results in the preceding sectIons. 

equations (28)- (47). were developed with Br taken as a 

free parameter. and they might appear to be valid for 
arbitrary values of Br. except for the fact that large Br 
values cannot be tolerated since they give rise to large 

temperature gradients. and therefore to the collapse of 
the underlying assumption that the transport propcr- 
ties are fixed. It follows then that the basic tie between 
the results of the preceding sections and those quoted 
in this section resides in the following: the small Kr’. 
small c’ results of the preceding sections arc also 

implicitly rcstrictcd to small Br values consistent with 
the explicit assumption that the transport properties 
arc constant. whereas the small Br results of thiz 

section arc also restricted to small Re-? and cz values in 
order to sustain the assumption that geometric and 

secondar) flow effects are small (which clear11 are 

implicitly made in adapting the plane Couettc flop 

results to cone and plate flow). 

IUTERPRETATION OF RESULTS 

It is instructive to examine the calculations pre- 
sented in the preceding sections in the context of 
pertinent pre\ iously available results. It will be con- 
venient. without being limiting. to consider for this 
purpose only the situation for which the plate is held 
fixed while the cone is rotated at a uniform speed. i.e. 

for I<,, = 0 and I\ i = 1. U ndcr these circumstances 

equations (3Y) and (52) for 7;,,,, in Case 1 reduce to 

HI’ ’ i:- 409 , f 

= 

‘I- \ ,,1 
-- 

,,l.lX (’ 8 I ‘4 1440 

889ReLPr I KC2 
_ 

230 400 
+... 

76800 I 
160) 

and 

while equations (43) and (53) for Q for the same case 

yield 

Q = ~Z! { 1 _ XL _ l’ i;h ~. 
30 35 

217Rr’P1 17Re’ 
.._- ~ 

30240 
+:lh800+...1 / (62) 

and 

(63) 

The expressions for 7,,,, for Case 2 are obtained from 

equations (40) and (56). and they reduce to the form\ 

1 3 Rr-‘17. .3RC2 
+ 

1100 ihO 
(h-II 

and 

For Case 2 the reduced forms of the exprcsstonb for Q. 

obtained from equations (46) and (57). arc gi\cn by 

and 

Bl,Y j 
1 t t Br/l, -- _, t... iG71 

I / 

It is useful to recall now certain previously rstab- 
lished results to ascertain whether they impose pos- 
sible restrictions on the present expansions. and 

beyond that to explore their utilit) as guidelines F,v 
assessing the ranges of the prcscnt approximations. 
First, for strictly the case. of plant Coucttc tlow it ha\ 
been established (see Joseph [3.4]) that value of ( B /i) 
corresponding to the critical stress is equal to 18.3 and 
4.6 for Cases 1 and 2, respectively. These values turn 
out to be considerably in excess of the maximum [Br/j) 
values for which the expansions (61 I. (63). (65) and (671 
retain any meaning as asymptotic approximations. 
Accordingly these expansions arc restricted to the 
lower maximum temperature branch of the ct-itic,il 
stress-maximum temperature rise curve characteristic 

of this type of flow [3. 4. 61. although the tcmpcraturc 
and velocity distributions are strictly single-\alucd 

when expressed in terms of the Brinkman numbcl 
The torque on the cone required to maintain the 

motion will naturally be affected by the temperatui-c 

variation of the transport propertie\. and also h> Ihc 
intensity of the secondary motions. .4 pertinent rciul: 
deriving from the plane Coucttc flow analysis ih the 
ratio (M,‘M,,), where M is the actual torque. and ?il,, I.> 
the torque value corresponding to the situation ahcn 
the fluid transport properties al-c assumed ii’ bc 
unaffected by the temperature gradient\. It was sh<>un 
previously [2] that this ratio is given b> 

for Case 1. and by 

for Case 2. 
It is interesting that to the first order in Br ~hc 

temperature dependence of the thermal conduct I\ it 5 
does not affect the torque. 



Convection and frictional heating in a cone and plate system 1095 

In the analysis of the three-dimensional flow in the 

cone and plate system by Turian [l] a different sort of 

torque ratio, (I\;i/M,), from those given by equations 

(68) and (69) was calculated. In this instance the torque 

fl is the value required to sustain the actual three- 
dimensional flow patterns, while M. is again the 
torque value due merely to the one-dimensional, 
purely tangential, primary motion assumed unaffected 
by the secondary flows. The torque ratio so defined is 

found to be given by 

(fi/M,) = 1 + & Re2 + . (70) 

Using a rather extensive collection of available 
experimental data it was discovered that the simple 

result in equation (70) has a surprisingly broad 

range [l], extending virtually to the limit when the 
correction term (3Re3/4900) is equal to the first term 
1. But the other approximations above are more 
restricted as will be shown below. 

It should be observed that for (Brfl,) and also (Re2) 
small the effects of temperature rise and secondary 
flows on the measured torque can be estimated by 

linear superposition of the correction terms in equa- 
tions (68))(70). The more frequent situations, however, 

turn out to be those in which these effects are mutually 

exclusive; for highly viscous, temperature-sensitive, 
liquids the effects of temperature gradients on the 

viscosity predominate (usually exclusively) those of the 
secondary motions, while for highly fluid liquids 

(which also happen to be relatively temperature in- 
sensitive) the reverse situation applies. This is de- 
monstrated in Table 1 in which the terms in equations 
(60))(67) for a typical lubricating oil (Schlichting 
[ 141) and for water are given. The reference tempera- 
ture used in 293 K for both liquids. The column 
entries represent the absolute values of the terms 
within the brackets in equations (60)-(67) except for 

the first column with the heading (E), which gives the 

values of the term outside the brackets in each case. 
Thus for Case 1 the first two rows in the column 

headed by (Re’Pr) gives the values of the term 

(889Re2Pr/230400) in equation (60) for the lubricating 

oil and for water, while the first two rows in the (%) 
column give the values of the term (Br/8) in equation 

(60). The columns headed (Brp, ) and (Bra,) give the 
values of (Brfi,/16) and (Brcr,/l6), and so on. It is clear 

from this table that for the lubricating oil the term 
(Brfl,) represents the most significant effect even 

though the value of Pr for this oil is 10 100. For water 
the inertial effects embodied in the terms (Re’Pr) are 

clearly most important, although even for Case 2 the 

value (Br/2) = 2.8 x 10m6 corresponds to a maximum 
temperature rise of only 0.0008 K. For the lubricating 

oil, however, the value (Br/2) = 5.84 x 10e4 cor- 
responds to a maximum temperature rise of O.l7K, 
and from equation (69) the corresponding correction, 
(B$,/S), to the measured torque is equal to 0.004, 

while the term (3Re2/4900) which represents the 
correction due to the secondary motions from equa- 
tion (70) is only equal to 1.12 x lo-*. The temperature 
distributions within the fluid gap are depicted in Fig. 2 

for water, and in Fig. 3 for the lubricating oil for 

selected operating conditions for Case 1. Comparison 

of the curves for the case when secondary flow effects 
are included, equation (60), with those corresponding 
to the plane Couette flow approximation, equation 
(61), shows that one additional important consequence 

of the inclusion of the convective terms is the loss of 
symmetry about the “mid-plane” [ = l/2. 

In order to utilize the results obtained in the 

foregoing it is necessary to establish first the nature of 
the restrictions appropriate to the situation con- 
sidered. As a general guide it will be sufficient to 

examine the various restrictions intrinsic to and 

imposed by each of the applicable approximations in 
any given situation and to identify the approximation 
which is most restrictive, which would then serve as the 

Table 1. Comparison of expansion terms for viscous oil and water 

Expansion term of order: (G (Re’Pr) 
- 
(Re2) ‘vv,) (BraI) 

Lubr. oil 
Water 
L br. oil 
Water 

G,,, [(64), (65)]: 

Q[(66)> (67)l: 

Lubr. oil 
Water 
Lubr. oil 
Water 

Case 1: T(r, 0) = T(r, 1) = 0 

1.46 x 1O-4 1.27 x 1O-5 7.10 x IO-“ 
7.00 x lo-’ 7.93 x lo-’ 9.72 x 10-l 
1.95 x lo-’ 1.02 x 1O-5 1.69 x 1O-3 
9.34 x lo-* 6.35 x lo-’ 5.77 x 1O-2 

Case 2: T(r, 0) = [aT(r, l)/a[] = 0 

5.84 x 1o-4 5.58 x 1o-4 1.14 x 10-3 
2.80 x 1o-6 3.49 x 10-S 3.90 x 10-Z 
7.79 x 1O-5 4.92 x 10m4 6.12 x 1O-4 
3.74 x lo-’ 3.08 x IO-’ 2.09 x 1O-z 

1.6 x 10 ’ 
8.16 x 1o-5 

1.3 x 1o-9 
6.71 x 1O-5 

9.75 x 1o-s 
4.80 x lo- 3 
4.10 x 1o-8 
2.02 x lo- 3 

1.29 x 1O-3 1.72 x 10m5 
1.94 x 1O-6 2.23 x lo-’ 
1.47 x 10-j 9.84 x 10-f 
2.21 x 1O-6 1.27 x lo-’ 

5.16 x lo- 3 6.89 x lo- 5 
7.75 x 1O-6 8.91 x lo-’ 
5.91 x 1o-3 3.95 x 10-d 
8.85 x 1O-6 5.09 x lo-’ 

R 
(ra’d/s) (“p”, 81 M, Re I31 Pr 

Lubr. oil 5.0 sin 1” 5 7.96 17.67 - 0.236 4.27 x lo- 3 1.17 x 10-3 10 100 
Water 5.0 sin 4 20 0.01 5.53 0.636 9.46 x 10-l 5.60 x 10m6 7.03 
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governing restriction. For example, for the thermal 
boundary conditions corresponding to Case 1. the 
applicable equations are: for T,,,, equations (60) and 

(61), for Q equations (62) and (63). and for the torque 
ratios equations (68) and (70). As asymptotic relations 
we might arbitrarily invoke the rule that the dominant 
correction term in each relation cannot exceed a 
certain fraction (say lo:,,) of the primary fundamental 
approximation term. For the relations in equations 
(60)-(63) for instance, the dominant correction terms 
are, for liquids, usually the terms (889Re2Pr;230 400). 
(Brfi,;‘16), (277Re2Pr.!30240), and (Brp, :14). rc- 
spectively. The pertinent correction terms for the 
torque relations in equations (68) and (70) are clearly 
(Brfl,/20) and (3Re2/4900). It is a trivial matter to 
establish which of these six correction terms embodies 
the most stringent restriction in any given situation. 

The results presented here. taken together with 
related earlier studies [l. 21, provide ;I fairly complete 
analytical treatment of the hydrodynamic and fric- 
tional heating problem in the small angle cone and 
plate system. The small angle property characteristic 
of most practical cone and plate systems is clearly the 
key to the effectiveness of the asymptotic scheme in 
establishing results of rather broad applicability. Thts 
body of work was motivated by the need to establish 
quantitative guidelines for cone and plate viscometry. 
but the analysis can also be LWXI to pattern mass 
transfer calculations in this system. It would seem that 
this geometry should prove useful in mass transfer and 
related studies in view of the well defined hy. 
drodynamic problem, and the availability of simpk. 
analytical results relating to it. 
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CONVECTION ET CHAUFFAGE AERODYNAMIQUE POUR UN SYSTEME DE CONE ET 
DE PLAN 

R&m&-On calcule le champ de tem~rature r&&ant du chauffage a~rodynamique d’un fluide confine 
dans la rigion entre un cone et un plan, Iesquels sont en rotation relative, les conditions aux limites 
thermiques ttant don&es. Le probltmede convection relatifri I’kcoulement tridimensionnel, caracttristique 
de cette gCom&tie, est r&olu sous la forme d’un dCveloppement asymptotique pour un petit nombre de 
Reynolds et un petit angle. Avec l’adaptation de rtsultats pr&demment pub%% sur I’tcoulement plan, 
de Couette de fluides ri propri!%Cs de transport dtpendant de la temptrature. ces solutions fournissent 
I’estimation des effets de la conduction, de la convection, du chauffage aerodynamique aussi bien que de 

la sensibiliti des propriites de transport $ la temperature. 

Z~mm~fa~ung-Das Temperaturfeid, das durch dissipative Erwlrmung eines Fluids im Bereich 
zwischen einem rotierenden Kegel und einet Platte entsteht, wird fiir vorgegebene them&he 
Grenz~dingungen berechnec. Das konvektive W~me~bertragungsproblem, das zu dem dreidimen- 
sionalen Geschwind~gkei~feid gehert, wird als eine asymptotische Erweiterung fiir kleine Reynoldszahlen 
und Kegel-Winkel gelSst. Zusammen mit Anpassungen aus friiher publizierten Ergebnissen fiir ebene 
Couette-Striimung von Fluiden mit temperaturabhgngigen Transporteigenschaften liefern diese 
Liisungen ein quantitatives MaR fiir die Effekte der Leitung, Konvektion, Dissipation ebenso wie fiir die 

Temperaturabhtingigkeit der Transporteigenschaften des Fluids. 

KOHBEKQHII H ~~CC~~AT~B~b~~ HAFPEB B CHCTEME KOHYCXJIACTMHA 

Amio~~- Am 3aAambsx rpaHsrHbrx ycnos~ii AaeTcs pacver TeM~eparyp~oro nom, O~~CJYO- 

BneHHOrO n~CCU~a~BH~M HafpeBOM ~~AK~T~ B 3a3Ope MeXCAy KOHyCOM N ~a~~H0~ lTpU UX 

~aU~oHapffoM Bparuenws o~oc~TeAbH0 Apyr Apyra. 3analra ~oHBeKT~BHor0 rrepenoca Tenna B 

Xapa~epHOMAA~ AaHHO~ r~MeTpU~TpeXMepHOM l-IO.fleCKOpOCTe~ ~~eHaC~OMO~b~aC~MnTO- 

TmecKoro pa3AomeHwr B p%A Ans ManMX rwcen PeZiHonbnca II Manor0 yrna KOHYCHOCTH. BwecTe 

cpaHeeo~y6n~KoBa~b~M~pe3yAbT~TaM~~~~~OCKOrOTe~eH~~Ky3~~~~~OCTe~c3aB~c~~nM~ 

OT TeMlIepaTypbI CBOtiCTBBMH, 3TH PeIUeHllSi AaW)T KOJIHYeCTBeHHbIe OUeHKU J@eKTOB TeIlJlO- 

QIOBOAHOCTU, KOHBeKUAU, AMCCEIUaTEBAOrO IiarpeBa, a TaKHCe TeMlIepaTypHOk 3aBHCAMOCTH 

IIepeHOCHbIX CBOiiCTB XGiAKOCTH. 


